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Abstract. We will discuss a number of metric spaces that are intimately tied to applications
in theoretical computer science. These often arise in surprising ways; some of the properties we
study are classical, but the connections with computer science also suggest new types of ques-
tions in metric geometry. In particular, we will encounter hyperbolic spaces, sub-Riemannian
geometries, various self-similar singular spaces, and metrics of ”negative type”, to name a few.

two embeddings results to told about today:

1. Embedding Ulam’s metric in `1

Ulam metric is a variant of edit-distance

Definition 1. Given two strings x, y ∈ Σ∗, ed(x, y) is the minimum number of character
insertions/deletions/substitutions to convert x to y. (Note it is symetric: ed′x, y) = ed(y, x)).

Ex: 1. ed(banana, anana s) = 2.

Let =n be the set of all permutations of [n] = {1, . . . , n} (here, the alphabet is Σ = [n]).
Ulam’s metric is the edit-distance on =n. We want to embed this metric space into `1. This
helps in some algorithmic problems.

Definition 2. An embedding is a map f : =n → `1 such that (∀x, y ∈
=n) ed(x, y) 6 ||f(x)− f(y)|| 6 ed(x, y) ·D, where D is the distortion.

Theorem 1 (Charikar, K.). There is an efficiently computable embedding of Ulam’s metric into
`1 with distortion O(log n).

Note 1 (Andoni, K., 2007). This is nearly tight since there is a lower bound of
Ω(log n/ log logn).

Open 1. Embeddings of general edit-distance in `1: known lower and upper bounds are LB =

Ω(log n) and UB = 2O(
√

logn·log logn).

Note 2. Embeddings of edit-distance are very useful to efficiently check for pastiche in a large
set of webpages (application: Google indexing).

Note 3. For words, we can compute the edit distance in O(n2/ log2 n)-time and for permutations
it takes about O(n)-time.

1.1. Warm-up. Allow block-move operations in permutations: you are allowed to move a block
of consecutive letters for a unit cost (sometimes called transposition). For these operations,
you can get distortion O(1) 6 3. Examples of application: chromosomes (maybe). We will

define f(x) ∈ RΣ2
s.t. fa,b(x) =

{
1 if ab are consecutive in x
0 otherwise

. Then, ||f(x) − f(y)||1 =∑
(a,b)∈Σ2 |fa,b(x) − fa,b(y)| that counts more-or-less the frontiers of the blocks you need to

exchange. Exercise: f has distortion 6 3.
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1.2. Proof for the embedding of Ulam’s metric. we construct f : =n → Rn(n−1) as:

(∀a 6= b ∈ Σ) fa,b(x) =
1

x−1(a)− x−1(b)
.

(note that x−1(a) is the position of a in x).
The easy part of the proof is

Lemma 1. (∀x, y ∈ =n) ||f(x)− f(y)||1 6 O(log n) · ed(x, y).

Proof. Let t = ed(x, y). We can write y from x with at most t′ 6 2t insertion and deletion:
x = x0, x1, . . . , xt′ = y with ed(xi, xi+1) 6 2 (substitutions are replaced by a deletion followed by
an insertion). Observe that if ||f(xi)− f(xi+1)||1 6 O(log n) then ||f(x)− f(y)||1 6 2tO(log n),
done. Assume that xi+1 differs from xi by a letter placed in s moved to another position s′.
Then ∑

b

|fsb(xi)− fsb(xi+1)| 6
∑
j

1

k
6 log n.

�

In the other direction,

Lemma 2 (Gopalan, Jayram, K., Kumar). (∀x, y ∈ =n) 1
2ed(x, y) 6 ||f(x)− f(y)||1.

Proof. We have to show that if x and y are closed in `1, we can edit x to y with a small number
of changes. Somehow, ||f(x)− f(y)||1 is our budget to transform x into y.

Use quicksort. Wlog, x is identity. We want to change y into x, that is to say we want to
sort y. Use the following randomized procedure. Take y, choose a random pivot (uniformly
at random), say the pivot is b. We mark as deleted the a > b to the left of b and mark as
deleted the c < b to right of b in y. We continue recursively on each sides of b. At the end
some of the symbols are left unmarked together with the pivots and they altogether form an
increasing sequence (proof by induction). Now we insert the formerly marked as deleted letter
at their right place. So we pay 2 for each letter marked as deleted: ed(x, y) 6 2 ·#deletions,
in particular ed(x, y) 6 E[#deletions]. We now need to count how many letters are marked as
deleted on expectation.

Claim 1. E[#deletions] 6 ||f(x)− f(y)||1.

Let Za,b = 1 if a was marked as deleted because of pivot b and 0 otherwise. Then #deletions =∑
a,b Za,b and

E[#deletions] =
∑
a,b

Pr{a was deleted because of pivot b}︸ ︷︷ ︸
= E[Za,b] =def ρa,b

.

If a < b (resp. > b) is to the left (resp. right) of b in y, then ρa,b = 0. Now if a < b is to the
right of b in y, then a will be deleted because of b being a pivot only if b is chosen to be a pivot
in a block where a and b are. This is similar to quicksort analysis. We use the differed decision
principle. As long as the pivot is chosen outside the block [b, a] delimited by b and a, the status
of the event “b will be compared to a” remains undecided. This event will be decided only
when a pivot will be selected in [b, a] and a will be marked as deleted because of b only if it is b
will is selected. It follows that ρa,b = Pr{b is selected as pivot|the pivot is selected in [b, a]} =

1
|y−1(a)−y−1(b)|+1

6 |fa,b(y)−fa,b(x)| (uses the signs in the expression of the fa,b’s). This concludes

the proof. �

Note 4. The same argument applies to injective applications instead of permutations (the only
important fact needed is that every symbol appears at most once in each string).

Open 2. There should be a argument to prove that every embedding of block-move distance in
`1 has distortion D 6 c for some constant c > 1.

Open 3. Embeddings of plane trees edit-distance... nothing is known.
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Open 4. Embeddings of cost edit-distance where we pay a different price d(a, b) to substitute a
by b.... nothing is known.

2. Embedding EMD (earth-mover distance) into `1

Definition 3. Let (X, d) be a metric space. Given A and B two multisubsets of X of equal size
s = |A| = |B|, we denote by:

EMDX(A,B) = min
φ:A→B, one-to-one

1

s

∑
a∈A

d(a, φ(a)).

the earth-mover distance (or transportation distance or Monge-Kantorovich) between A and B.

Ex: 2. For us, X = [∆]d with `1-norm. X are matrix indices, and A and B are the marked
positions in two different images. We want to find the best matching of the positions in A with
the position in B. The distance is the `1 distance between the marked positions.

From now on, X = [∆]d and distance is `1.

Theorem 2 (Charikar, Infyk, Thaper). There is an embedding of EMD[∆]d into `1 with dis-

tortion O(d log(d∆)).

Note 5 (Khot, Naor). The distortion is Ω(d). This lower bound uses very large sets with
s = O(2d).

Note 6 (Naor, Schechtman). For d = 2, the distortion is Ω(
√

log ∆).

What about large d and smaller s?

Theorem 3 (Andoni, Indyk, K.). There is an embedding of EMD[∆]d into `1 with distortion

O(log s · log(d∆)).

So you can break down the Ω(d) lower bound for smaller sets with s� 2d.

Theorem 4 (Andoni, Indyk, K.). There is a randomized embedding f of EMD[∆]d into `1 such
that:

Ef [||f(A)− f(B)||1] 6 O(log(d∆))EMD(A,B);

And with probability > 1− 1/s,

||f(A)− f(B)||1 >
EMD(A,B)

log s
.

This implies the O(log s · log(d∆))-distortion embedding theorem.

2.1. Example of applications.

Definition 4. A shift-metric over {0, 1}d is:

shift(x, y) = minimum number of substitutions to change x into y, given that cyclic shift are free.

Note 7. The distortion of any embedding into `1 is at least Ω(log n). The best known upper
bound is O(log2 n).

Let us prove the O(log2 n) upper bound. Let sigma denote the shift. We associate to each
x the set Ax = {x, σ(x), σ2(x), . . . , σn−1(x)}.

Claim 2. EMD(Ax, Ay) = shift(x, y).

Here, s = n and ∆ = 2 and d = n, thus O(log2 n)-distortion using Theorem 3.

3


