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1. Introduction

Focus will be connections between random walks and embeddings, especially
random walks on in�nite groups and what they say about compression exponents.
Conversely, learn what embeddings of groups into Hilbert space say about speed of
random walks.

Notation 1. G will be a transitive graph (especially the Cayley graph of a �nitely
generated group), ρ the graph distance function. {Xn}∞n=0 will be a random walk
on G.

We will study the growth of moments such as Eρ (X0, Xn), Eρ (X0, Xn)2.

Problem 2. (Rates of growth)

(1) Let G be a transitive graph. Must n 7→ Eρ (X0, Xn) be monotone?
(2) Say Eρ (X0, Xn) ≈ nβ . What values can β take?
(3) For a group and under the assumption of (2), does β depend on the choice

of generators or is it the same for all Cayley graphs? In other words, is β
an invariant of the group?

In the second case, we will see (Theorem 39 due to Lee-Peres) that β ≥ 1
2 .

Speci�c known values are β = 1
2 for Zd, β = 1 for the free group, and Anna Èrshler

pointed out groups for which β = 1− 2−t, t ∈ Z≥1. It is open whether other values
of β are possible (Peres believes so).

De�nition 3. (Guentner-Kaminker) The compression exponent of G is

α∗p(G) = sup
0≤α≤1

∃F : V (G)→ Lp, ∀x, y ∈ V : ρ(x, y)α ≤ ‖F (x)− F (y)‖Lp ≤ ρ(x, y) .

Lemma 4. For a group Γ, α∗p is the same for all Cayley graphs.

Theorem 5. (Austin-Naor-Peres [1]) For G amenable, 2α∗(G)β(G) ≤ 1.

Remark 6. Austin has found examples where the inequality is strict, but they are
rather exotic.

Question: (Peled) are there examples of values α∗(G) for which 1
2α∗(G) is not

of the form 1− 2−t?
Answer: More �exibility in α∗(G), but it seems that none are known. The

iterated Lamplighter group examples for which β = 1− 2−t also satisfy 2α∗β = 1.
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In Austin's examples, his method only gives upper bounds on α∗(G) (these upper
bounds can be any number in [0, 1]) but he doesn't know any lower bounds.

2. Cover times, blanket times and the Gaussian Free Field (joint
w/J. Ding (UCB), J. Lee (U. Wash)

Focus here on random walks on �nite graphs (more generally, �nite reversible
Markov chains). Can get any reversible Markov chains by giving weights on edges.
For simplicity in the talk assume that we have the SRW on a �nite graph, but all
statements will extend.

2.1. Hitting times and cover times.

De�nition 7. The hitting time H(x, y) is the expected time it takes for the RW
starting at x to reach y. The commute time is κ(u, v) = H(u, v) + H(v, u). It is
a metric. The cover time tcov(G) is the expected time for the walk to reach every
vertex, starting from the worst vertex.

Example 8. path n2, complete graph n log n (coupon collector) expander n log n,
2d, grid n log2 n, 3d grid n log n (Aldous 89, Zuckerman 90).

Fact 9. (1− o(1))n lnn ≤ tcov(G) ≤ 2n#E where n = #V (lower bound Feige 95,
Matthews 88) (upper bound Alelinuas-Karp-Lipton-Lovasz-Racko� '79 � idea is to
use ...)

Connection to the e�ective resistance:

Theorem 10. (Chandra-Raghavan-Ruzzo-Smolensky-Tiwari '89) If G hasm edges,
then for every u, v ∈ V we have κ(u, v) = 2mRe�(u, v).

Corollary 11. The e�ective resistance is a metric (not so easy to show using the
de�nition of e�ective resistance).

This also shows that κ(u, v) is the square of a Hilbert space metric.

Problem 12. Estimate the cover time algorithmically.

Easy to compute hitting times in deterministic polytime by solving the linear
system: {

H(u, u) = 0
H(u, v) = 1 + 1

du

∑
w∼uH(w, v)

.

On the other hand the cover time does not satisfy such equation. Of course it is
easy to compute in exponential time or in randomized polynomial time.

Problem 13. (Aldous-Fill '94) Does there exist a deterministic polytime algorithm
giving an O(1)-approximation for general graphs?

Can interpret the problem as follows: remember which vertices you hit and where
you are (state space of size n2n). There's a Markov chain on this determined by
the Markov chain on the base. Want the �rst hitting time for the con�gurations
where every vertex is hit. But the resulting system of equations is too large.

Theorem 14. (Matthews '88) For a general Markov chain on a �nite set V one
has

max
S⊂V

min
u,v∈S

((log #S − 1)H(u, v)) ≤ tcov ≤ Hmax(log n+ 1) .

Note that tcov ≥ Hmax trivially.
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Proof. (Upper bound) For a general Markov chain on n states (possibly not re-
versible), order the vertices uniformly at random, and set

τk = min {j | v1, · · · , vk have been visited} .

Consider E(τk−τk−1). What are the odds that at time τk−1 we have already visited
vk? Since v1, . . . , vk are in Random order this is at least 1

k . It follows that

E(τk − τk−1) =
1
k

Evk−1 (Tvk | vk not visited by time τk−1) ≤ 1
k
Hmax

[Evk−1 is the expectation for the random walk beginning at vk−1] so Eτn ≤
(∑n

1
1
k

)
Hmax ≤

(log n+ 1)Hmax.
(Lower bound) The same logic shows tcov ≥

(∑n
k=1

1
k

)
H, but Hmin could be

small. However, the same argument applies when restricting to any subset. �

Remark 15. Upper bound is sharp in surprisingly many cases, e.g. torus of dimension≥
2 (especially hard in 2d). Not sharp in general, however � in the cycle the hitting
time and cover time are roughly of the same order.

Theorem 16. (Kahn-Kim-Lovasz-Vu '99) Matthews's lower bound yields an O
(
(log log n)2

)
approximation.

2.2. Application: The �blanket time� problem of Winkler-Zuckerman '96.

De�nition 17. Set LxT = #visits to x
deg(x) (normalize by the stationary measure of x).

The β-blanket time tblanket(G, β) is the expected �rst time T for which LyT ≥ βLxT
for all x, y.

Conjecture 18. (Winkler-Zuckerman '99) For every G and 0 < β < 1, tblanket(G, β) ≈
tcov(G).

KKLV: true up to (log log n)2.
The Gaussian Free Field.

De�nition 19. Fix a node v0 ∈ V (G). The GFF on G is the Gaussian process sat-
isfying E(gx−gy)2 = Re�(x, y) and gv0 = 0. Equivalently, Cov(gx, gy) = Green(x, y)
for the RW killed at v0.

Example 20. On a tree, take branching RW with Gaussian increments. For a
general graph take independent standard Gaussians on all edges, and then condition
on the sum along every directed cycle being zero [this is a probability zero event,
but for Gaussian measures this conditioning is simply projection on a subspace).
Can also do this by expanding in eigenfunctions.

Theorem 21. (Ding-Lee-Peres) Let gv be the Gaussian Free Field. Then tcov ≈
#E (E maxv∈V gv)

2 ≈β tblanket(β).

Corollary 22. The W-Z Conjecture holds. Note that each approximate is estab-
lished by a separate argument � no direct proof is known.

Maxima of Gaussian processes. Let {Xu}u∈S be a Gaussian process where E(Xu) =
0 for all u. The process induces a metric d(u, v) =

√
E(Xu −Xv)2.

Corollary 23. The Re� metric on a graph has the property that its square root is
an L2-metric!
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Theorem 24. (Fernique-Talagrand following many others) For every Gaussian
process,

E sup
u
Xu ≈ γ2(S, d)

where γ2 an explicit invariant of the metric space (S, d). It can be computed in
polynomial time using dynamic programming.

Theorem 21 can now be restated: tcov(G) ≈ #E
(
γ2(V,

√
Re�

)2
.

De�nition 25. The γ2-invariant is

γ2(X, d) = inf
{Ak}

sup
x∈X

∑
k≥0

2k/2 diam(Ak(x))

where the in�mum is over all sequences of partitions {Ak}k≥0 for which Ak+1 is

a re�nement of Ak, #A0 = 1 and #Ak ≤ 22k . Ak(x) is the unique part of the
partition Ak containing x.

Now to maximize the Gaussian process �rst take a union bound over a sparse
net, and then take a cloud near each point in the net and use a union bound for the
cloud. In general have to repeat this chaining recursively, hence the appearance of
γ2.

This approach originally was used by Dudley in the 60s to get entropy bounds
where the points where general nets, and Fernique-Talagrand optimize the choice
of net.
Concentration bounds.

Fact 26. For a Gaussian process, Pr (Xu −Xv > λ) ≤ exp
(
− λ2

2d2(u,v)

)
.

Compare with:

Theorem 27. (KKLV) For all nodes u, v ∈ V α > 0, ` ≥ 0

Pr (LuT − LvT > α) ≤ exp
(
− α2

4`Re�(u, v)

)
.

Here T = T (`) is the global time (depending on u) while LvT is the normalized
local time at v and LuT = `.
Question: (Gurel-Gurevich) Is there also a version for v, w (u still the base-

point)? Answer: yes, but in practice the version with u, v is enough.
Dynkin isomorphism theory.

Theorem 28. (Markos-Rosen (?)) (Generalized Ray-Knight Theorem) For v0 ∈ V
de�ne T (`) = inf {t | Lv0t ≥ `}. Let g be the GFF on G with gv0 = 0. Then{

LxT +
1
2
g2
x

}
x∈V

law=
{
see

1
2

(
gx −

√
2`
)2
}
x∈V

where T = T (`).

Can be veri�ed by taking joint Laplace transforms of both sides, but the identity
(and similar of its type) are still rather mysterious. There may be others that
haven't been discovered � but we don't have a systematic way to �nd them.

Now run for a time ` which large compared to the maximum of the square of the
Gaussian process. Then in the identity above, we have

LxT +
[

1
2
g2
x

]
law= `−

[√
2`gx +

1
2
g2
x

]2
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where the terms in square brackets are relatively smaller. The concentration of
the maximum of the GFF shows that LxT must be close to the constant `. In other
words, having waited long enough the �eld of local times is approximately constant,
and we have attained the blanket time. To see this note that T (`) ≈ #E · ` since
the global time is the average of the local times with respect to the degree measure.
The lower bound on the blanket time is harder, requires going into the proof of
Fernique-Talagrand.
Example: Precise asymptotics in 2d.

Theorem 29. (Blothausen-Deuschel-Giacomin 2001) For a GFF on 2d lattice of
n vertices,

E sup
x
gx ∼

√
1

2π
log n .

(Dembo-Peres-Rosen-Zeituni 2004) For the 2d torus, tcov ∼ 1
πn log2 n.

These together give one case of the following:

Conjecture 30. (Ding-Lee-Peres) For all reversible chains,

tcov ∼ #E ·
(

E sup
x
gx

)2

.

Recent (Ding): this also holds for complete d-ary tree.
The Conjecture would follow from a Conjecture of Aldous on convergence of the

ratio of the actual (random) time-to-cover to its expectation (the cover time).

Problem 31. Is there a deterministic poly-time (1 + ε)-approximation to cover
time for every ε > 0?

Problem 32. Is the standard deviation of time-to-cover bounded by the maximum
hitting time?

3. Markov type 2

De�nition 33. (Ball 1992) Say that the metric space (X, d) has Markov type 2 if
there is a constant M ≥ 0 such that for every stationary reversible Markov chain
{Zt}∞t=0 on a �nite vertex set V , every f : V → X, and every t ∈ N,

Ed2
X (f(Xt), f(X0)) ≤M2tEd2 (f(Z1), f(Z0)) .

The original motivation was a Conjecture of Johnson-Lindenstrauss on Lipschitz
extensions. Ball knew that Hilbert space has Markov type 2 and showed that the
Conjecture was follow if Lp, p > 2 would have Markov type 2.

Theorem 34. R has Markov type 2.

Proof. Let ν be the stationary measure of the Markov chain, µ the transition matrix,
Aµ the averaging operator. Then Aµ is self-adjoint in L2(ν) (this is equivalent to
reversibility). Now note that

Ed2 (f(Zt), f(Z0)) = 2
〈
(I −Atµ)f, f

〉
Ed2 (f(Z1), f(Z0)) = 2 〈(I −Aµ)f, f〉 .

It thus su�ces to prove that〈
(I −At)f, f

〉
≤ t ((I −A)f, f) .
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Since all operators are positive we can take the spectral transform. The inequality
is then equivalent to the upper bound

1− λt

1− λ
≤ t

for all λ ∈ [−1, 1), which holds by the mean value theorem (or by using 1−λt
1−λ =∑t−1

j=0 λ
j ≤

∑t−1
j=0 1 = t. �

Integrating co-ordinate by co-ordinate we deduce that L2 has Markov type 2.

Example 35. L1 does not have Markov type 2 � take the SRW on the standard
embedding of the hamming cube.

Theorem 36. (Naor-Peres-Schramm-She�eld 2004) Weighted trees, Lp with p > 2
have Markov type 2 (with uniform constants).

The key result is the following, expressing a �nite Markov chain as a di�erence
of two martingales.

Lemma 37. Let {Zt}∞t=0 be a reversible Markov chain on V and f : V → R. Then
for every t > 0,

E max
0≤s≤t

[f(Zs)− f(Zt)]
2 ≤ 15tE [f(Z1)− f(Z0)]2 .

Remark 38. Sharp constant is not known; it must be at least 3.

Proof. Write a reversible chain as the di�erence of two martingales. Set Ds =
f(Zs+1)− (Aµf) (Zs). Since E [Ds | Z1, . . . , Zs] = E [Ds | Zs] = 0 the Ds are mar-
tingale di�erences. Also, the same holds for D̃s = f(Zs−1) − (Aµf) (Zs). Also,
Ds − D̃s = f(Zs+1)− f(Zs−1). Summing over odd s this shows for all m,

f(Z2m)− f(Z0) =
m∑
k=1

D2k−1 −
m∑
k=1

D̃2k−1 .

Note that each sum is a Martingale (the �rst for the forward �ltration, the second
for the backward �ltration). They are not independent, but we can analyze each
martingale separately (apply the Doob maximal inequality). �

Proof of Theorem 36 for trees. Choose an arbitrary root, and for any v set ψ(v) =
dT (root, v). For any path {v0, . . . , vt}in the tree,

d(v0, vt) ≤ max
0≤j≤t

(|ψ(v0)− ψ(vj)|+ |ψ(vj)− ψ(vt)|) .

For a Markov chain that jumps between vertices interpolate by adding the unique
path between the two. Apply this bound and the Lemma to ψ, and use Cauchy-
Schwartz to bound the squares.
Proof of Theorem 36 for Lp. Combining this idea with classical inequalities of Pisier
for handling martingales in uniformly convex Banach spaces gives the general re-
sults.
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4. Escape rate of the standard random walk

Let G = 〈S〉 be a �nitely generated group (S = S−1) [we implicitly identify the
group and its Cayley graph], and let ρ be the associated word metric. Let d = #S,

p(x, y) =

{
d−1 y ∈ xS
0 otherwise

the SRW on G.

In this section we will prove:

Theorem 39. (Lee-Peres [3]) Let {Xn}n≥0 be a Markov chain realizing this walk.
Note that since this is a group-invariant walk the distribution of X0 doesn't change
the properties.

(1) If G is �nite, Eρ(X0, Xn) ≥ n
2d for n ≤ 1

1−λ where −1 ≤ λ < 1 is any
non-trivial eigenvalue of AG.

(2) If G is in�nite and amenable, Eρ(X0, Xn)2 ≥ n
d for all n.

Remark 40. (Kesten's thesis, 1959) G is non-amenable i� there is ϑ < 1 such that
pn(x, y) ≤ θn for all n, x, y. In this case for ε small enough,

P (ρ(X0, Xn) < εn) ≤ dεn+1θn −−−→
n→0

0

so Eρ(X0, Xn) ≥ nε
2 .

De�nition 41. G is amenable if inf
{

#∂EA
#A | A ⊂ G, #E <∞

}
= 0.

Note that it is possible to have (�dead end�) x ∈ G where for every s ∈ S, xs is
closer to the identity than x. In particular, one cannot simply couple the walk to
the RW on Z.

Example 42. The Lamplighter group C2 o Z. Its elements are pairs (v, n) where
v ∈ ⊕ZC2 is a status of a sequence of lamps indexed by Z (all but �nitely many of
which are o�) and n ∈ Z is the position of the lamplighter. The generators move
the lamplighter right or left and switch the lamp at the present location. A �dead
end� element is 100010001 where the middle position is the origin. Then moving
right or left is closer to the identity of the group since it's on the way to turning of
the lamps at the end.

In this case, however, it is still possible to analyze the rate of escape by reference
to Z. First, the lamplighter moves two thirds of the time. When it does, this is
a SRW on Z. It follows that the rate of escape is at least c

√
n (the rate in Z).

Conversely, the set of lit lamps is contained in the range of the walk on Z, and n
steps of RW on Z are very unlikely to walk far beyond C

√
n.

Note that the growth of the lamplighter group is given by the Fibonacci sequence
((#B(r))1/r →golden ratio).

(Homesick walks, Lyons) On a Cayley graph G, give an outgoing edge weight 1
if it increases the distance to the identity, weight γ > 1 if it decreases the distance.

Theorem 43. (Lyons-Pemantle-Peres) The homesick walk on the lamplighter group

is transient i� 1 < γ < gr(G) = limn→∞ (#B(e, n))1/n.

Note that this gives a faster rate of escape than the SRW (which has the rate√
n). This means the SRW spends its time on �dead ends�. Heuristic idea of the

proof: the homesick walk tends to spend a lot of time near the boundary of the set
of lit lamps, hence has a positive chance of �stumbling� and extending this set.
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Question: (Breuillard) If γ > gr(G)? Answer: the walks stay within logarith-
mic distance of the origin.
Question: (Peled) If γ = gr(G)? Answer: it depends. In this case the walks

are recurrent, but they can also be transient.
Question: (Gurel-Gurevich) Does this hold for other lamplighter groups? An-

swer: yes.

Problem 44. What happens for general amenable groups of exponential growth?

The proof of Theorem 39.

Lemma 45. For f ∈ `2(G) set Qn(f) = 〈(I −An)f, f〉. Then Eρ2(X0, Xn) ≥
1
d
Qn(f)
Q1(f) as long as f is non-constant.

Proof. Let F : G→ `2(G) be given by F (x) = (g 7→ f(gx)). Then

E ‖F (X1)− F (X0)‖2 = E
∑
g

|f(gX1)− f(gX0)|2

= E
∑
g

1
d

∑
s∈S
|f(gX0s)− f(gX0)|2

=
1
d

∑
x∈G

∑
y∈xS

|f(y)− f(x)|2

= 2 〈(I −A)f, f〉L2(G)

= 2Q1(f) .

Note, in particular, that we have shown ‖F‖Lip ≤
√

2dQ1(f) since for any neigh-

bour y of X0, 1
d ‖F (y)− F (X0)‖2 ≤ E ‖F (X1)− F (X0)‖2.

The same calculation shows

E ‖F (Xn)− F (X0)‖2 = 2Qn(f) .

However, ‖F (Xn)− F (X0)‖ ≤ ‖F‖Lipρ(Xn, X0). It follows that:

Eρ2(Xn, X0) ≥ 2Qn(f)
‖F‖2Lip

≥ 1
d

Qn(f)
Q1(f)

.

�

Remark 46. This gives an example of the general idea of using an embedding in
Hilbert space to bound rates of escape. The idea to do such things came from a
remark of Anna Èrshler.

Proof of Theorem 39(1). If Af = λf with λ ≥ 1 − 1
n then λj ≥ 1 − j

n for all j,

and it follows that Qn(f)
Q1(f) = 1−λn

1−λ =
∑n−1
j=0 λ

j ≥
∑n−1
j=0

(
1− j

n

)
≥ n

2 . Note that
this requires non-expansion, whereas in an expander one gets even linear escape
(up till time log n) as in Kesten's argument. This is similar to the situation in the
in�nite case, where di�erent arguments are used in the amenable and non-amenable
cases. �

In the in�nite case note that the dependence on the degree is essential (consider
the product Z×Kr, where the cliques slow the walker down). We need the following
lemma:
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Lemma 47. For all f ∈ `2(G), Eρ2(X0, Xn) ≥ n
d −

n2

2d
‖(I−A)f‖2
Q1(f) .

Proof. Want Qn(f) to grow linearly, so show that the di�erences are approximately
constant. Accordingly, consider ∆j = Qj+1(f)−Qj(f) =

〈
(Aj −Aj+1)f, f

〉
. Using

self-adjointness this is
〈
Ajf, (I −A)f

〉
. Then ∆0(f) = Q1(f), and ∆j − ∆j−1 =〈

Aj −Aj−1f, (I −A)f
〉
≤
∥∥Aj(I −A)f

∥∥ ‖(I −A)f‖ ≤ ‖(I −A)f‖2. Call the lat-
ter quantity δ. It follows that

∆j ≥ Q1(f)− jδ .
Summing over j (and setting Q0(f) = 0), we �nd:

Qn(f) =
n−1∑
j=0

∆j ≥ nQ1(f)−
n−1∑
j=0

jδ ≥ nQ1(f)− n2

2
δ .

It follows that
Qn(f)
Q1(f)

≥ n− n2

2
〈(I −A)f, (I −A)f〉
〈f, (I −A)f〉

.

We can now apply Lemma 45. �

Proof of Theorem 39(2). To prove the in�nite case of Theorem 39, we need to �nd
f for which the error term is large. For this, let F ⊂ G be �nite, with δ = #∂EF

#F

small, and let

f =
∞∑
j=0

AjGF = Ex# {j | Xj /∈ F}

(identify a set and its characteristic function). We then have (I −A) f = F so
‖(I −A)f‖2 = #F . Finally,

Q1(f) = 〈F, f〉 =
∑
x∈F

f(x)

≥
∑

ρ(x,G\F )≥r

f(x)

≥ r# {x ∈ G | ρ(x,G \ F ) ≥ r}
≥ r

(
#F − dr+1#∂EF

)
.

It follows that Q1(f)
#F ≥ r− dr+1δ. By amenability we can �nd F with δ as small as

we wish. Applying Lemma 45 we �nd

Eρ2(X0, Xn) ≥ n

d
− n2

2dr
,

at which point we take r →∞ to �nish the proof. �

Question: (Breuillard) Amenability shows that 1 ∈ Spec(A), so can we use
approximate harmonic functions? Answer: Yes. Then the proof is much the same
as in the �nite case. Preferred to give the proof above since it shows how the
approximate eigenfunctions are constructed.
Question: (Silberman) Why does the sum de�ning f converge? Answer: since

F is �nite, enough to consider the case of singletons. Then this is the expected
number of return times. In particular this only makes sense for transient groups
(else not even pointwise convergence). Recurrent groups have been classi�ed (so
can argue for them separately). For transient groups if growth rate is large enough
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is OK, and again can give a di�erent argument. For a more elementary approach
need to truncate the sum make approximations. Separate notes (see blog) have
been posted with the details.
Question: (Peled) Where did you use that the group is in�nite? Answer: we

chose δ as small as we want. Can try making things quantitative. However, in
any argument involving Lemma 45, clearly using (approximate) eigenfunctions of
Laplacian is best.

Remark 48. This works in greater generality:

(1) Can use representations other than the regular one. In particular, instead
of amenability enough to assume not (T).

(2) The result holds for transitive graphs (but an extra averaging argument is
required; see the paper).

5. Speed of escape

Question (to audience): can you get positive speed for the random walk on an
amenable group? Answer: Consider the lamplighter C2 oZ3 \on Z3. Then by time
n the number of light lamps is a positive proportion of the size of the range of the
walk on the base Z3. Since the base is transient, the expected range has linear size,
we have a linear number of lit lamps and hence are at least at a linear distance
from the origin.

Lemma 49. C2 o Z3 is amenable.

Proof. Let Ak ⊂ C2 o Z3 be the set of con�guration where all lit lamps and the
lamplighter himself are located in [−k, k]3. To be on the boundary, the lamplighter
must be on the boundary of the set. It follows that

#∂EA ≈ 2(2k+1)3k2

while
#A ≈ 2(2k+1)k3 .

�

Remark 50. In fact, we have shown that if G is Amenable then so is F o G where
F is any �nite group.

Lemma 51. (Varopoulus-Carne inequality) Let p(x, y) be a Markov chain on a
discrete set X, reversible with respect to the discrete (possibly in�nite) measure π.
Then:

pn(x, y) ≤ Pr (|Sn| ≥ ρ(x, y))

√
π(y)
π(x)

.

Proof. Let Tk(cos θ) = cos kθ be the Chebychev polynomials. They satisfy the
recursion relation Tk+1(x) = 2xTk(x) − Tk−1(x) with T0 = 1 and T1 = 2x. By
construction, |Tk(x)| ≤ 1 for |x| ≤ 1. From the spectral calculus it follows that
for any self-adjoint operator A of norm≤ 1, ‖Tk(A)‖ ≤ 1 as well. Also, since

(cos θ)n =
(
eiθ+e−iθ

2

)n
, we have (cos θ)n =

∑
|k|≤n Pr (Sn = k) eikθ where Sn is the

SRW on Z. By symmetry this equals
∑
|k|≤n Pr (Sn = k) cos kθ so

xn =
∑
|k|≤n

Pr (Sn = k)Tj(x)
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hence for any operator A we have

An =
∑
|k|≤n

Pr (Sn = k)Tj(A) .

Finally, if P is the Markov operator for the Markov chain p(x, y), we have π(x)pn(x, y) =
〈δx, Pnδy〉 so:

pn(x, y) ≤ 1
π(x)

∑
|k|≤n

Pr (Sn = k) |〈δx, Tk(P )δy〉| .

The claim now follows by noting that for k < ρ(x, y), 〈δx, Tk(P )δy〉 = 0 while for
k ≥ ρ(x, y), |〈δx, Tk(P )δy〉| ≤ ‖δx‖ ‖δy‖ =

√
π(x)

√
π(y). �

Remark 52. The original proof by Varopoulus was more complicated and gave
a weaker result. This proof is due to Carne. Remy Perre has recently given a
probabilistic proof.

Theorem 53. (Varopoulus) Let G be a graph of polynomial growth. Then Eρ(X0, Xn)�√
n log n�ε n

1
2+ε.

Proof. If #B(X0, r) ≤ rk then

Pr
(
ρ(Xn, X0) ≥ A

√
n
)
≤

∑
j

Pr
(
ρ(X0, Xn) ∈

(
2jA
√
n, 2j+1A

√
n
))

≤
∞∑
j=0

(
2j+1A

√
n
)k

max
A≤2−jn−1/2ρ(X0,y)≤2A

pn(x, y) .

�

Now apply the Varopoulus-Carne inequality, noting that for the SRW on the
integers we have the Cherno� bound Pr (|Sn| ≥ k) ≤ e−k2/2n. This gives:

Pr
(
ρ(Xn, X0) ≥ A

√
n
)
≤ 2

∞∑
j=0

(
2j+1A

√
n
)k
e−

2j+1A2n
2n � n−2

if A > C
√

log n for n large.

Remark 54. It follows from this theorem that interesting growth rates only occur for
groups of intermediate or exponential growth. From Kesten only amenable groups
are interesting.

Question: (Breuillard) Are the escape rates for intermediate-growth groups
di�erent from 1

2? Answer: (Pete) Anna Èrshler has a shown that the Grigorchuk
group has escape rate strictly greater than 1/2.
Remarks on Markov type.

(1) The proof for Hilbert space actually gave E ‖f(Xt)− f(X0)‖2 ≤
(∑t−1

i=0 λ
i
)

E ‖f(X1)− f(X0)‖2

with λ = λ1(G) < 1 the �rst eigenvalue of the chain. We used the bound∑t−1
i=0 λ

i ≤ t. However, one also has the bound
∑t−1
i=0 λ

i ≤ 1
1−λ1

. It fol-
lows that for an expander (when λ1 is uniformly bounded away from 1) the
bound is actually uniform in t. For a d-regular graph G and f : V → L2

with ‖f‖Lip ≤ 1 this implies that f must have distortion at least c log n
with c = c(d, λ1). Indeed, the same spectral arguments as above show
Eρ(X0, Xt) ≥ c1t for t ≤ log n and c1 = c1(d, λ1), so Eρ2(X0, Xt) ≥ c21t

2
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while E ‖f(Xt)− f(X0)‖2 is bounded. Conversely, Bourgain [2] has shown
that every n-point metric space has an embedding into L2 with distortion
at most O(log n). Bourgain's paper only gave the lower bound logn

log logn ;
the expander example showing Bourgain's Theorem is tight was discovered
later by Linial-London-Rabinowitz [4].

De�nition 55. The distortion of f is dist(f) = ‖f‖Lip

∥∥f−1
∥∥

Lip
.

(2) Linial-Magen-Naor: let G be a d-regular graph (d ≥ 3) and girth g(G) ≥ l
(the most interesting case is l � log n, n = #V ). Such graphs do exist.
What happens for embeddings of these graphs? Now, dist(G,L2) �

√
l.

Indeed, up to time l/2 the SRW on the graph is the SRW on the (d − 1)-
regular tree, and in particular moves at constant speed. It follows that
Eρ2(X0, Xl/2) ≥ cdl2. On the other hand the Markov type inequality shows

E
∥∥f(Xl/2)− f(X0)

∥∥2 ≤ cl.
Open problem: What is the distortion for mapping high-girth graphs

into L2? Is it � log n like expanders, or is the lower bound here tight?
Perhaps in every graph of large (logarithmic) girth there is an embedded
expander of power-law size, in which case the LLR bound would apply.

(3) Exercise: show that the Laakso graphs have uniform Markov Type 2.
Open problem: Do all planar graphs have uniform Markov type 2?

(This is the case for all examples) One case done by Lee and his co-authors
is that of �parallel series graphs�, graphs generated by any sequence of
operations among subdividing an edge and replacing it with a graph (a
generalization of Laakso graphs). Lee et al show that all such graphs satisfy
the Markov Type 2 inequality with a uniform constant.

6. Compression (Austin-Peres-Naor [1])

Proposition 56. (APN) Let G be an amenable group with SRW {Xn}∞n=0 satisfy-

ing Eρ(X0, Xn) ≥ cnβ. Assume that there is also f : G → `2 with ‖f‖Lip = 1 and

∀x, y ∈ G : ‖f(x), f(y)‖ ≥ Cρα(x, y). Then 2αβ ≤ 1.

Proof. For A ⊂ G consider the SRW on G restricted to A: For x, y ∈ A set

pA(x, y) =

{
1
d x ∼ y
1− #(N(x)∩A)

d x = y
. Let π be the uniform measure on A. Then p

is π-reversible. Finally, let Xj be the SRW p(x, y) on G, Yj the walk pA(x, y) with
both X0, Y0 uniform on A.

Now �x n and let A be a large Følner set, so that more than half of A is more
than distance n from the boundary. Then coupling Xj to Yj shows that

Eρ(Y0, Yn) ≥ Eρ(X0, Xn) Pr (ρ(Y0, G \A) > n) ≥ 1
2

Eρ(X0, Xn) ≥ c

2
nβ .

�

{Yj}∞j=0 is a �nite reversible Markov chain. By the Markov Type 2 inequality
(Theorem 34), we have .

E ‖f(Yn)− f(Y0)‖2 ≤ nE ‖f(Y1)− f(Y0)‖2 ≤ n
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since f is 1-Lipschitz. Conversely, if 2α ≥ 1 (otherwise there is nothing to prove),
Hölder's inequality gives:

E ‖f(Yn)− f(Y0)‖2 ≥ C2E
[
ρ(Y0, Yn)2α

]
≥ C2 [Eρ(Y0, Yn)]2α

� n2αβ .

Taking n→∞ now shows 2αβ ≤ 1.

Theorem 57. (APN; Conjectured by R. Tessera) α∗(Z o Z) = 2
3 .

On Z o Z we give the generators of the lamplighter moving right and left, and
the value at the current lamp changing by ±1. A family of Følner sets is given
by the sets An of con�gurations where all non-zero lamps and the lamplighters are
contained in the interval [−n, n], and the lamp values are at most n. This set has
size (2n+ 1)2n+2. The boundary is the set of con�gurations where the lamplighter
is at the boundary, or some lamp has value ±n. It follows that #∂EAn

#An
≈ 1

n → 0.
It follows that Z o Z is indeed amenable (this generalizes to wreath products G oH
with both G,H amenable).

Proof of the upper bound. As in the case of C2 oZ we start by analyzing Eρ(X0, Xn).
For this consider the projection to Z given by position of the walker. About half the
steps move the walker, so at n steps the walker is at about distance

√
n. Moreover,

the range of the walk is likely to have been in [−C
√
n,C
√
n] and all the local

times are likely to have been at most C
√
n. Since each lamp is doing a RW on Z,

most lamps will be at distance about n1/4. Some lamps will move more (say about
n1/4 log n) but what matters is the sum of the values of the lamps which is about
n3/4. It follows that β = 3

4 .
The proposition showed 2α∗β ≤ 1 os α∗(Z o Z) ≤ 1

2β = 2
3 . �

Random walk arguments can only bound compression exponents from above.
For lower bounds, one needs methods to construct embeddings. There is no general
theory yet (�this is more an art than a science�), but some ideas have proved useful.
Showing the following construction works is a calculation, but there is no clear
intuition behind it yet.

Proof of the lower bound. Fix γ ∈
(
0, 1

2

)
(we will later take γ → 1

2 ). Let vg ∈ L
2(R)

be a countable family of normalized functions of disjoint support (in particular, the
vg are an orthonormal system). Now for (h, k) ∈ Z oZ (h ∈ Z⊕Z and k ∈ Z), de�ne
ϕγ(h, k) : R→ R by

ϕγ(h, k) =
∑
n>k

(n− k)γ vh�[n,∞) +
∑
n<k

(k − n)γvh�(−∞,n]

here by h �[n,∞) we mean the resulting function. The sums are well-de�ned func-
tions R → R (the supports of di�erent summands are disjoint), but they are not
necessarily in L2(R).

Claim. ϕγ(h, k)− ϕγ(0, 0) ∈ L2(R).

Indeed, for n (say large and positive) outside the support of h, h�[n,∞)= 0�[n,∞).
Similarly for n negative. It follows that

‖ϕγ(h, k)− ϕγ(0, 0)‖2 ≤ Ch,k + C
∑
n>k

(nγ − (n− k)γ)2 � 1 + ck
∑
n

n2(γ−1) <∞ .
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Now de�ne Fγ : Z o Z→ `2(Z)⊕ R⊕ L2(R) by

Fγ (h, k) = h⊕ k ⊕ [ϕγ(h, k)− ϕγ(0, 0)] .

Then ‖Fγ‖Lip �γ 1 while
∥∥Fγ (h, k)− Fγ

(
h′, k′

)∥∥
2
�γ ρ

(
(h, k) ,

(
h′, k′

)) 2γ+1
2γ+2 .

In order to verify these properties, we note �rst that our embedding is equi-
variant. In particular, it is enough to check distances to the origin. For the Lip-
schitz property it is enough to compare neighbours, where it is immediate that
‖Fγ(δ0, 0)− Fγ(0, 0)‖ = 1 and one can calculate that ‖Fγ(0, 1)− Fγ(0, 0)‖2 �∑
n≥1 [nγ − (n− 1)γ ]2 �γ 1. For the lower bound, assume that m is minimal such

that h is supported in the interval [k −m, k +m]. Then

‖Fγ (h, k)− Fγ (0, 0)‖22 ≈ ‖h‖
2
2 + k2 +

m∑
l=1

l2γ +
∑

n>m+k

(nγ − (n− k)γ)2

where the �rst sum comes from n which is m-close to k, for which we can only use
that the vg are orthonormal. For n outside the interval we get the cancellation.
Doing the sums gives

‖Fγ (h, k)− Fγ (0, 0)‖22 ≈ ‖h‖22 + k2 +m2γ+1 +
∑

n>m+k

k2

n2−2γ

&
1
m
‖h‖21 + k2 +m2γ+1

& (m+ k + ‖h‖1)
2γ+1
γ+1

where the �rst inequality follows from the bound on the support on h, and the
second can be veri�ed by considering the two cases ‖h‖1 ≤ m1+γ and ‖h‖1 ≥ m1+γ

separately. Finally,m+k+‖h‖1 ≈ ρ ((h, k), (0, 0)) (need to take Θ(m) steps to reach
all lamps, ‖h‖1 steps to light them, and Θ(k) steps to place the lamplighter). �

Question: Is it possible to get 2
3 exactly? Answer: Quite likely it is impossible;

Peres can't remember if they ruled that out.
What about C2 o Zd and Z o Zd for d ≥ 2? In that case the compression expo-

nent is 1; similar (but more complicated) ad-hoc embeddings were found. Peres
was optimistic about �nding a systematic method, until Austin came up with his
examples showing this would be hard.

Additional References: longer papers Naor-Peres with more information on Lp

using stable variables.

7. Finding Hidden Cliques in Linear Time with High Probability

(joint with Y. Dekel (HUJI), O. Gurel-Gurevich (UBC)).
Peres's favourite problem from CS. Let G = G(n, 1

2 ). It is hard to �nd the largest
clique in there. Assume that we add by hand a large clique on a random set of
vertices. Can it be found in polynomial time? A polytime algorithm is known for
a clique of size n1/2. Most of problem is open. Main point will be the problem not

De�nition 58. A clique in a graph is a complete induced subgraph.

It is computationally hard to �nd the largest clique in a graph (NP complete).
We consider the average case, that is in G(n, 1

2 ).

Lemma 59. Whp the maximum clique in G(n, 1
2 ) is (2 + o(1)) log2 n.
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Proof. The expected number of k-cliques is
(
n
k

)
2−(n2). If this is substantially smaller

than 1 cliques must be rare, and a second moment argument shows that if this is
appreciably larger than 1 then there must be several (the number of cliques is
comparable ot the expectation). �

A greedy algorithm (select a neighbour of all nodes already selected) constructs
a clique of size log2 n. It is open whether a polynomial-time algorithm can �nd a
clique of size (1 + ε) log2 n. This gap is a major open problem.

Basically, the log2 n-cliques are easy to �nd because there are many of them.
The 2 log2 n-cliques are rare, so hard to �nd.

Problem 60. What if we make the problem easier by planting a huge clique in
the graph?

De�nition 61. G(n, 1
2 , k) is the graph obtained by taking a random instance of

G(n, 1
2 ), in it selecting a random set of k vertices and adding every edge between

members of the set.

Two variants: either detect whether the clique was added, or (more ambitious)
actually �nd it.

Suggested by Jerrum (92) and Kucera (95) which asked for which k the clique
can be found.

• (Kucera '95) For k ≥ n 1
2+ε (even k ≥

√
n log n) whp the clique vertices will

have the highest degrees in the graph so they are easy to �nd (all other
vertices will have at most 1

2n+ o(
√
n log n) neighbours).

• No matter what k is, in time n3 log2 n we can check all subsets of size 3 log2 n.
If any of these is a clique it must belong to the planted clique, and given
this �toehold� it is easy to complete the problem by adding the common
neighbours of the known members of the clique.

• For k ≥ c
√
n there are several known poly-time algorithms based on spectral

methods, SDP, Lovász ϑ-function, removal of low-degree vertices. However,
the exponent in the polynomial depends on c, and gets worse as c→ 0.

• For k = o(
√
n) there are no known polytime algorithms. Experts are di-

vided on whether this is possible or not.

7.1. Algorithms for k = c
√
n.

First poly-time algorithm by Alon-Krivelevich-Sudakov ('98) for k = c
√
n, c large

enough.

• The k largest components of the second eigenvector correspond whp to the
clique vertices.

• Running time bounded by running time of computing eigenvectors of a
matrix.

• Error probability 1
poly(n) .

• Ampli�cation idea (Alon-Krivelevich-Sudakov): choose a random vertex,
assume that it is in the clique, and continue based on that assumption.
If it is then we have cut the size of the graph by2 without changing the
size of the clique much. In particular this has the e�ect of changing the
constant from k = c

√
n to k = c

√
2
√

n
2 so if we can solve the problem for

a constant c we can also solve it for c√
2
. The computational cost taking j
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ampli�cation steps is cj(
√
n)j since that is the number of expected tries for

random vertices landing in the clique.
• It follows that at a cost of loss in the power in the exponent

Problem 62. Can one �nd a di�erent �boosting� idea that is less computationally
expensive.

For a cost of
√
n in the complexity, we can improve the constant by

√
2. No

method is known which at a smaller computational cost gives a smaller improvement
in the constant.

Fiege-Ron (`10).

• Iteratively remove vertex of lower degree and recalculate the degrees until
we are left with a clique.

• Running time O(n2).
• Proof gives probability of success Θ(1) (depending on c) [numerics seem to
indicate probability of success tends to 1].

Problem 63. (Feige) That the success probability would follow from bounding a
particular correlation (see the paper).

Dekel-Gurel�Gurevich-Peres. Take k = 2
√
n.

Algorithm 64. Several phases

(1) Prune the graph
(a) Pick a random subset S of the vertices, containing every vertex with

probability 1
4 .

(b) For each vertex in V \ S calculate the number of neighbours in S.
(c) Vertices whose number of neighbours is above average ( 1

8n) continue
to the next iteration: v ∈ V \S not in clique K has n

8 neighbours in S

(with std of
√
n

4 ); v ∈ V \S inK typically has 1
2#(S\K)+ 1

2#(S∩K) =
1
2

(
n
4 −

2
√
n

4

)
+ 2

√
n

4 = n
8 +

√
n

4 neighbours in S. Threshold is one

standard deviation below the mean.
(d) Iterating this step we are passing to a graph with n′ = 3

8n, k
′ ≈

3
4Φ(1)k ≈ 0.63k ≈ 2.06

√
n′.

(e) After t ≥ α log n iterations, the graph has nt vertices and a clique of

size kt where kt ≥ n
1
2+ε
t .

(2) Finding a sub-clique
(a) Calculate the degrees of the vertices. Pick those n1/4 vertices of highest

degree.
(b) Add the common neighbours in the original graph, and calculate the

degrees.
(c) Whp only a logarithmic number of non-clique vertices were found,

Question: (Peled) What about c
√
n for smaller c? Answer: Optimizing the

constants, the pruning step will gain if k ≥ (2 − δ)
√
n for some δ > 0, but can't

get the step to gain when k =
√
n. Gurel-Guervich: you already lose something by

throwing away a 1
4 of the graph, must have some explicit gain on the remainder.

Remark 65. Note that the running time of each iteration of phase 1 is O(n2); since
the size of the graph decreases exponentially the same holds for the total running
time.
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7.2. Challenges. Identifying cliques of size nα, α < 1
2 , locating hidden cliques in

networks other than G(n, 1
2 ).

One nice paper by Krauthgamer-Feige on the harder problem where an adversary
may remove some edges not between clique vertices. Can still �nd the hidden clique
of size

√
n .

Question: (Peled) what if the adversary places the clique after seeing the graph
(and knowing the algorithm)? Answer: for very large cliques it doesn't matter
but otherwise not known.
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